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Introduction
In th is pape r we prese nt th e res ults of a seri es of experim e nt s on a sin gle sample of polyisobutyle ne soluti on s ubj ected to vario us hi s tori es of s imple shea r. The work -was do ne as a part of a larger program to stud y th e a ppropriate ness of a fairly ge ne ral co ns titutive equation , th e Be rn stein , Kearsley, Zapas (BKZ) elas tic fluid [11, 1 in d escribin g a wid e r a nge o f nonlin ear viscoelas ti c be havi or for a ran ge of m a terials. This larger purpose influ e nced both th e c hoice of tes t materi al and th e choice of e xperim e nts. In th e first place, th e studi es wer e co nfin e d to a sin gle sa mpl e so a s to provide a test of th e co rrela ti ons betwee n experime nts predi c ted b y the ass um ed cons titutive equ a tion. The s ampl e was c hosen to s ho w esse ntially comple te r elaxa tion w ithin th e time scale of the exp erim ent , sin ce earli e r studi es [2J had been mad e on mate r ial s with longe r relaxation tim es. The d eformations are vario us hi stories of simple s he ar, because th ey are experime n tally conve ni ent d eformation s and bec au se th ey ar e co nv enient to analyze in term s of th e a ss um ed con s titutiv e equation.
S o me m e as ureme nt s of normal stres ses wer e mad e on thi s sample, but we e ncounter e d se riou s di scre pan cies wh e n we a tte mpted to correlate the m with th e she ar data. Thi s trouble has been traced to the rece ntly disco ver ed " press ure hole e rror" [3J and th e diffic ulty resolved , but we have postpon ed publi c ation of th e norm a l stress da ta to a void furth e r delay in the prese ntati o n of th e shear stress me as ure me nts.
In th e c ourse of th ese studi es so me mea sure me nt error s, c us toma rily ignore d , wer e fo und to be s urprisingly la rge a nd som e correct ion me thod s were worke d out a nd are prese nted her e. A , pecialized form of th e BKZ elasti c fluid was used in th is pape r to 1 Figures in brackets ind ica te t he li te ra ture refere nces a l the end of t his pape r.
40 8-434 0 -71 -3 33 correlate o ur expe r ime nts with very good s uccess. Although thi s s pec ial fo rm is ne ithe r uniqu e nor exac t , it has bee n c hose n to be co nsis te nt with a wid e ran ge of ph e nome na beyond that describe d in thi s pa per , and s hould be of co nsid e rable prac ti cal use.
General Considerations
Th e class of motion s whi c h we s hall co nsid er will be limited to simple s he arin g hi s tori es.
In th e in co mpressible isoth e rmal form of th e BKZ th eor y [1 , 4J th e value of th e shearin g s tress a t tim e t is giv en by th e followin g relati on
wh er e y ( T) is th e am ount of she ar at tim e T and W* is a fun c tion of s train and tim e . 2 If W * is kn own , the s he arin g s tress a-(t ) for a ny simple she arin g fl ow c an be calculate d thro ugh e q (2.1). Of co urse, th e form of W* is not s pecified by th e theory and in gen eral the fun ction W* must be d etermin ed throu gh e xperim e nts.
A good id e a of the function W * c an be obtaine d from examinin g a single step stre ss r elaxation history in simple sh ear. In s uch a deformation the sh e arin rr history is given by:
By s ubs titutin g t" = t -T and (2.2) in (2.1), we get
:! Equ a tion (2. 1) is e qu ivalen t 10 e(1 (3. 11 ) of Be rn s te in :41 exce pt for a c hange uf no tat ion. where may also be obtained from experiments of suddenly applied steady shear. Thus, in principle, we should be able to obtain W(y, t) from a series of experiments , and then proceed to check the BKZ theory by comparing measured and pred icted stress for simple shearing histories. Of course, one can never realize experimentally th ese shearing histories exactly as assumed. From some of the experiments whi c h approximated suddenly applied constant rate of shear history, discus sed in section 6, we were able to get a rough approximation of the relaxation function . Applying corrections which will be discussed later using an iterative scheme , we recalculated a fun c tion W whic h is consistent with all our experiments which include measurements of viscosity as a function of the rate of shear, stress relaxation after shear (for different rates of shear), measurement of stress as a function of time for suddenly applied steady shear, and single step stress relaxation experiments. These results, we felt , justified the use of an expression for W(y, I) which can describe all our experiments and which is a special form of a more detailed expression consistent with the behavior of other materials and other d eformations, VIZ:
where G (I) is th e s hear stress relaxation modulus. ~ It is evide nt that th ere are many other forms which are consistent with our experimental data. Our motivation for choosing form (2.6) is its relative simplicity and its consistency with a strain potential fun c tion [1] . Furthermore, form (2.6) is useful in process control engineering since an immediate translation from the linear to the nonlinear behavior can be made as a function of temperature , molecular weight, and concentration.
Experimental
The data reported in this paper were obtained on a 10-percent solution of polyisobutylene (vistanex L-lOO , Enjay Chemical CO.)4 in cetane. A Weissenberg Rheogoniometer was used to shear the sample between a flat plate (7.5 cm diameter) and a cone such that the angle of the gap was 0.0268 radians . The cone was at the bottom and was connected to the driving shaft. The plate was at the top and was connected to a torsion bar which was used to measure the torque. For most of the experiments a torsion bar of lis -in diam eter was used. The stress-time measurem e nts and the dynami c response were recorded on an oscillograph.
The chamber enclosing the cone-plate assembly was kept at a temperature of 25.0 °C ± 0.1 0c. Ambient temperature was controlled at 25.0 °C ± 0.5 °C . An ambient temperature 3 degrees below the chamber temperature caused a noticeable change in the curve of viscosity versus rate of shear at high rates of shear. The zero shear viscosity at this temperature varies about 5 percent per degree. Periodically, degradation checks were made on samples of 10-percent PIB by ta}<ing viscosity versus rate of shear data. No changes were observed over a 2 year period.
. Behavior at Small Deformations
It is clear from eq (2.6) that the shear relaxation modulus , G(l), plays an important role in our curve fitting scheme. Since stress relaxation measurements cannot be carried out using deformations small enough to yield an infinitesimal modulus, this is ordinarily obtained by some sort of extrapolation procedure. An alternate method, adopted here , is to calculate a curve from measured values of the dynamic modulus , G' (w) [6] . We employed the conversion scheme given by Marvin [7] ,
using an approximation techniqu e similar to the familiar derivative schemes [61 for the relaxation spectrum,
H (T). Even though we must depend on extrapolation
for values of H ( T) at small T, the effect on G ([) is slight. Figure 1 shows the dynamic data and figure 2 the derived values of G ([). The dotted portion of figure 2 represents values extrapolated to times smaller than ~Cert a in c omm e rc ial e quipm e nt , instrum e nt s. or ma te rial s are id e ntified in thi s paper in orde r to adequat e ly spec ify th e experim ent a l proce dure. In no case does s uc h identifica· tion imp ly recommendation or e ndorse me nt by the .'Jati onal Burea u of S tandard s . nor d oes it impl y that the mat erial or equipm e nt ide ntified is necessarily th e best avail able fo r th e purpose. ' Y/ ' (w ) .
/or a 10·perce nt PIB (L-IOO ) solution ill cetane.
Solid c ircl es arc (h e calcul a ted va lu es from c qs (4 .2) a nd (4.3).
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Th e do lt ed POri ion s how s th e ex tra pu la ted regio n.
(l /w ) for th e hi ghest meas ured frequ e nc y. As a critical chec k on both th e conv ers ion and th e extrapolation , we calc ulated C'( w ) and 1) '( w ) from th e well known relation s [6 1 3) 35 where 1)' (w) is the dynami c vis cosity. The solid circles in figure 1 repres e nt these valu es, whi c h agree with the measured curve. For values of w hi gh er than 10 S -l th e integrals in (4.2) and (4. 3) de pe nd stron gly on the extrapolated region of C (t) . Some of th e values of C(t) calculated from (4.1 ) are give n in table 1. 
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Single Step Stress Relaxation in Shear
In secti on 2 th e definition of a s in gle s te p s tress relaxati on his tory in simple sh ear was given in whi ch the s te p is in s tantan eou s. In practi ce , it tak es a finite time to reac h th e desired d eformation, and it can be shown that th e m eas ured s tress is an upper bound of th e s tress relaxati on fun ction. At long tim es th e differe nce be tween the relaxati on fun ction a nd th e bound becom es s mail. With a knowledge of th e actual s train hi story, on e can es tim ate thi s diffe re nce and obtain a be tte r bound for th e relaxation fun c ti on.
With the history In our experiments the strains were induced through a shaft of the rheogoniometer normally used for sinusoidal deformation histories. The motion of the cone was monitored with a transducer. The deformations were obtained by using a springloaded lever arm to drive . the shaft through part of a cycle. This arrangement allowed us to obtain strains up to y = l.8. By using only a part of the sinusoidal deformation , we could obtain a motion of the cone very close to a ramp function. The time required to reach the maximum strain was of the order of 0.01 to 0.05 S. r;;--o .~ This is equivalent to taking the relaxation from the in stant of reac hing th e final shea r va lu e.
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Unfortunately, in our experimental system there is another complication due to the motion of the upper platen. The true strain at any time t is more nearly g(t) -a-~t) where f( is a constant depending on the stiffness of the torsion bar and the geometry of the cone and plate, and g(t) is the nominal strain at t calculated from the motion of the cone. With a stiffer torsion bar the error due to the motion of the upper plate would be smaller but small stresses could not be measured with enough precision. If the motion of the cone is monitored, one can calculate the error due to the motion of the plate. In our measurements the error in the stress at the early times was 6 percent. Figure 4 shows a plot of W ( y, I) versus y in which both corrections were made. The isochrones at the early times are in very good agreement with eq (2.6) which corresponds with the lines. To the extent that the isochrones are parallel in this type of a plot, i.e., superposition occurs by a vertical translation, one can justify the representation of W (y, t) as a product of the stress relaxation modulus and a function of shear, y, i.e., eq (2.6).
-2

FIGURE 4: Isochrones oIW(y. t) versus y.
The lin es indi cate the calc ulated behavior from eq (2.6).
Suddenly Applied Constant Rate of Shear
With our experimental arrangement we found that we could not obtain an instantaneous constant rate of shear. For that reason we monitored and measured the motion of the cone with a transducer during the early part of the shearing. The monitoring arrangement prevented the use of the temperature control chamber. Therefore, the measurements were done at room tem- The o pen c ircle s are ex perim e ntal d a ta, a nd th e so lid c ircl es are calculat ed va lu es usi ng th e tru e hi story of th e motio n.
perature. Since it took about 20 s to complete a run, the temperature variation was no more than ± 0.5 °C at 25°C. For th ese run s, due to the limitations of the tran sdu cer, we co uld monitor strain s only up to y = 0.4. On repeating an experime nt, differen t strain hi stories were invariably obtain ed (over th e early part of the tim e scale); thi s was probably caused by differing positions of th e gear teeth. So, from each series of repetitive run s, we selected the one with the least de viation from a con stant rate of s hear.
Using eq (2. 1) with the hi story
y =constant
we obtain 6 where Y = y~ and y is the rate of shear. In figure 5 we show th e data as obtained. The lines represe nt the predi ction of (6_2) and (2.6) which assume a s uddenly applied steady s hear (for the rates of sh ear indi cated), and the black solid circles are values calculated from (2.1) and (2.6) usin g the tru e hi story of the motion. The agree me nt is very good. The in ertia of the upper platen and assembly was not corrected for. We es timated for y = 22.2 s -I that the inertial effe ct caused an error of 6 Thro ugho ut th e pape r we s hall use th e not ation a tn If to re prese nt th e de rivat ive of a In 'Y
In III wilh respect to th e d erivative of the logar ithm of th e fir st argum e nt.
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less than 2 perce nt. Figure 5 s hows a t hi gh rates of shear an overshoot of th e s tress cr(t) as it approaches its limitin g valu e.
From eq (6.2) th e maximum value of th e stress s hould occ ur wh e n a In W(y , l ) =-1 a In y .
(6.3)
Our e mpiri cal form of W ( y , t) , eq (2.6), sati sfies thi s condition at y = 2.44. In table 2 we show the strain s at whic h th e maximum of th e stress occurs from oth er data. 7 Middleman's data [9] were estimated from the published graphs. The data of the more co nce ntrated polyisobutylene solution s we re obtained in our laboratory. Th e zero shear viscosities at 25°C were 4460 poise for the 15_1 percent concentration and 17,760 poise for th e 19.3-percent concentration_ Assuming the principle of reduced variables with respect to concentration to be valid [10] , we see that the rates of shear reported in table 2 for the higher concentrations will be 8 times as high when reduced to 10-percent concentration, for which the zero shear viscosity is 540 poise. 8 The position of this overshoot can be used to study the error caus ed by the motion of the upper platen. It is easy to show this error by experiments with torsion bars of differe nt diameters. In figure 6 we show the data obtained from a 15.1 percent solution at a nominal ' If eq (2.6) is co rrec t for all co nce ntra ti ons. th e max imum of th e stress must occur at the sa me valu e of y.
II Th e redu ced rat e of shea r Yli is give n as where TJi is th e ze ro shea r viscosit y at concent rati on (." 1 . .... ..
Steady State Shearing Flow
In the previous section we examined the stress from suddenly applied constant rate of shear. After a certain time , as can be observed, the shearing stress reaches a limiting value independe nt of time. The viscosity, 1) (y), which is the ratio of this shearing stress to the rate of shear, is given by In figure 7 we show the experimental values of viscosity as the open circles. The solid circles are the values 1 calculated from (7.1) and (2.6). In th e same figure we show the dynamic viscosity 1)' (w) . We observe that the two curves cannot be superposed by a shift along the horizontal axis .
Stress Relaxation After Steady Shear
In this history the material is initially sheared at a constant rate of shear y until the shearing stress is independent of time. The motion stops at time we call zero, and we observe the subsequent decay of the stress as a function of time. The strain history at time 7 is given by 1'(7) = "'7+1'0 , 1' ( 7) = Yo , In prin ciple we can obtain C(t) from this limit, but this method is not an accurate one. Since in the previous section we mentioned the errors due to the motion of the upper platen, it is interesting to look at an example where these errors are very pronounced. From (8.3) using an integration by parts we obtain
From eq (4.2) by taking the limit as w goes to zero , we get
The viscosity as a fun ction of rate of shear.
The ope n c ircles are ex pe rim ental da ta, a nd th e so li d circles a re cal c ul a ted valu es. Th e d yna mi c viscosity is a lso shown for co mp ari son. 
s-'(II/ ).
The op en c ircle s arc ex peri me nt al data , and th e soli d circles are calc ul a tcc!.
and from (8.5) and (8.6) we obtain 1 f oe
In figure 10 we s how a plot of 
-' (VI).
The ope n ci rcles are e xperim ent al data, and the solid ci rcle s are calculated.
versus y using different torsion bars. The error introduced by the motion of the platen is very dramati c.
Discussion
Th e good agreem ent be twee n th e ex pe rim e ntal data and the calculated values show s the validity of the BKZ theory even for mate rials wh e re the sh ear r elaxation modulus falls very qui c kly. Th e relatively simple form that we used to represe nt the function W(y, t) seems to describ e the behavior adequately, at least within the range of shearing deformations of our experiments. The separation of W(y, t) into a product of two functions, one of time and one of strain, i.e., W(y, t) =G(t)Wu(y), may be an oversimplification. Although a more co mplicate d form of W(y, t) gave us be tter agreement, we felt that the unc ertainty in our experimental data did not justify its use.
Our purpose in this paper is not to establish a unique form of W (y, t), but rather to show how a wide variety of measurements from differe nt shear histori es can be related. Indeed , we know that the behavior of plasti cized PVC is not co nsistent with a W(y, t) which is a product of a function of strain and a function of time. Experiments on normal stresses are more c ritically depe ndent on the values of W (y, t) at long time s and large strains. For instance , the first normal stress differe nce, <TII(t)-<TZ2(t), for a suddenly applied co nstant rate of shear, given by eq (6. For longe r times <TII(t) -<Tzz(t) will tend to level to a lower value. This be havior of the first normal stress differe nce is roughly similar to that of the shear stress. There are clear differen ces however; a comparison of eq (9.1) with eq (6.2) shows that th e overshoot for the shearing stress, if it occurs, must do so at an earlier time than tl/l. It may well be possible , however , to find a form of W(y, t) co mpatibl e with the shear s tres s data of thi s pape r whic h never satisfies the co ndition (9.2) for any value of y_ 1 O. References
